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Abstract 

In the study of the relation between the mapping class group T g of a surface T, g of 
genus g and the theory of finite-type invariants of homology 3-spheres, three subgroups 
of T g play a large role. They are the Torelli group T g , the Johnson subgroup fc g and 
a new subgroup C g , which contains K. g , defined by a choice of a Lagrangian subgroup 
L C H\(Yig). In this work we determine the quotient C g /K. g C T g /K. g , in terms of the 
precise description of T g /K g given by Johnson and Morita. We also study the lower 
central series of Ch and K g , using some natural imbeddings of the pure braid group in 
Cg and the theory of finite-type invariants. 
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1 INTRODUCTION 1 

1 Introduction 

Let T g denote the group of isotopy classes of orientation-preserving diffeomorphisms of the 
bounded surface S 9 of genus g with one boundary component which are the identity on 
the boundary. In j7| and || the relation between the mapping class group and the theory 
of finite-type invariants of homology spheres is investigated. It turns out that the three 
different notions of finite-type which are discussed in |7j require one to consider three different 
subgroups of the mapping class group. Two of these subgroups are familiar from previous 
work of D. Johnson, S. Morita and others on the structure of the mapping class group 
(see ||15| ) and |22| for surveys). These are the Torelli group T g (maps which induce the 



identity automorphism on Hi(E 9 )) and the Johnson subgroup IC g (generated by Dehn twists 
on bounding closed curves). But the original notion of finite-type introduced by Ohtsuki 
in [|25| requires one to consider a new subgroup defined as follows. Choose a Lagrangian 
subspace L C H = H 1 (S 9 ), i.e. a summand of rank g on which the intersection form 
vanishes. Define Cg to be the subgroup of T g generated by Dehn twists on closed curves 
whose homology class lies in L. Of course Cg depends on L but its conjugacy class is 
independent of the choice of L. It is also clear that K g C C g . In fact, the relation between 
C g and C g is comparable to the relation between JC g and T g . 

In this work we will give a precise determination of how C g sits in T g , or, more precisely, 
how C g /K. g sits in T g /K, g , using the description given by Johnson [|12[] and |I3| . The analogous 



result for a closed surface is obtained as a corollary and is, in fact, somewhat simpler to state 
than the bounded case. 

A second purpose of this paper is to study the lower central series of the groups C g and 
fC g . We show that the lower central series of C^ is dominated by a refinement of the relative 
weight filtration of T g . We also make use of a natural imbedding of the pure braid group 
P g on g strands into C g (first used by Oda, in an unpublished paper [Qj[| to give lower 
bounds for the ranks of the associated gradeds of the relative weight filtration of T g ), and 
of P2 g into }C g , to give lower bounds on the ranks of the lower central series quotients of 
these groups. These estimates augment the lower bounds given in [§] using the theory of 
finite-type invariants of homology 3-spheres. 

Of course the definitive results on the lower central series of T g are those of Hain [|Hj . 



2 Statement of Results 

2.1 The group L L g 

Let Cg denote the subgroup of T g consisting of maps whose induced automorphism of H is 
the identity on L. Then Cg C Cg and T g C Cg. Under the obvious isomorphism T g /T g = 
Sp(Z,2g), the symplectic group over Z of genus g, Cg/T g corresponds to the subgroup B g 
consisting of symplectic automorphisms of H which are the identity on L. B g is isomorphic 
to <5>2(£), the additive subgroup of symmetric elements of L®L. If / e B g , then — 1 induces 
an element of Hom(H/L, L) = Hom(L*, L) = L®L (using duality via the intersection pairing 

lr The author thanks S. Morita for informing him of the existence of this paper and providing a copy. 
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on H). Alternatively if we choose a symplectic basis {x{,yi} for H, where {xi} is a basis of 
L, then <j) is represented by a matrix in the form (jj) and — ► A defines an isomorphism 
of B g with the additive group of symmetric integral matrices. See |7j for more details. 

A 3 H , which is onto and whose kernel is the 



Recall the Johnson homomorphism J : T g 
Johnson subgroup K g (see |T2] and (T^j). If f & T g and a G F 
2g generators, then we can write 



7Ti(E g ), the free group on 



/*(«) 



a<&f(a) mod F 3 



where, for any group G, G q denotes the g-th lower central series subgroup: G\ = G, G q+ \ = 
[G, G q ]. $/(«) can be regarded, therefore, as an element in F 2 /F 3 = A 2 H and so $/ defines 
a homomorphism H — > A 2 H or, dually, an element of H <g> A 2 H. Johnson shows in |12| that 
$/ lies in the subgroup A 3 H C H <g> A 2 iJ, where this imbedding is defined by 



hiAh 2 Ah 3 ^h 1 (h 2 A h 3 ) + h 2 ® {h 3 A /ii) + h 3 ® (/ii A /i 2 ) 



and, in [13], that the correspondence / — ► <&/ defines an isomorphism T g /fC g 
this we can, therefore, regard C^/K, g as an extension of A 3 H by _B r 

Theorem 1. There exists a homomorphism 

J : ZJ — A 3 (#/L) © F/L 
extending the Johnson homomorphism, which satisfies the following: 

(a) J is onto, 

(b) kerj = tf 



A 3 H. From 



(1) 



(c) There is a commutative diagram 




B n 



C L n -2-~ A 3 (H/L) © H/L — 1 



p® c 
\ 3 H 



(2) 

where p is the projection A 3 H — > A 3 {H/L) and c is the composition of the projection 
H — > H/L with the contraction map A 3 H — > H defined by 



hi A h 2 A h 3 — > (h x ■ h 2 )h 3 + [h 2 ■ h 3 )h x + [h 3 ■ h ± )h 2 
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If r 9i0 denotes the mapping class group of a closed surface S gj0 of genus g, i.e. the group 
of isotopy clases of orientation-preserving diffeomorphisms of £ ff ,o, then we can define the 
analogous subgroups C^ ,C^ C T g0 . We also have the corresponding Torelli group T g0 and 



Johnson subgroup /C 9 ,o- The homomorphism J : T g — > A 3 H is shown, in [12], to induce 
homomophism J' : T g $ — > A 3 H/H whose kernel is /C 5 ,o- 



Corollary 1. There exists an epimorphism J : C g0 — > A 3 (H/L) whose kernel is C g0 and 
which satisfies the commutative diagram: 



C 



9,0 



K 



9,0 



* ^9,0 



■*■ T 9,0 



J' 



A 3 (H/L) 



A 3 H/H 



(3) 



where p' is induced by p. 



We can also characterize C g0 C r 9i0 in terms of the induced outer automorphisms of 
7r = 7Ti(E Si0 ). let kl C it be the subgroup of elements whose homology class belongs to L. If 
/ G ££ , then fJ[K L = id mod ir 2 . 

Corollary 2. If f E ^ g ,o, then f E C g0 if and only if f*\n L = id mod [ir, ir L ], 

Note that this condition on /* depends only on its outer automorphism class. 
We also identify the lower central series terms of C g , modulo JC g . Let K = ker(p © e). 
By Theorem [3], we have an isomorphism 



J' : C L Q n T g /IC g = K 



(4) 



We now define a filtration of A 3 H : 



A 3 # = K DK 1 DK 2 DK 3 = A 3 L D K A 







by letting i^ m be the subgroup of A 3 H generated by elements hi A h 2 A /i 3 , where at least m 
of the hi lie in L. Note that i^i D K D K 2 . 

Theorem 2. Under the isomorphism J' of (|]) the lower central series terms of C g satisfy: 

((C L g ) m -K g )/lC g = K m form>2 
In particular {£>^)a Q K-g, but (C g ) 3 Gj JC g . 
Furthermore C g fl T g = K. g ■ [C g , T g ] . 



Question 1. Does [£ g ,£ g ] contain K g 
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We obtain some further information on the lower central series of CJi inside JC g . Recall 
the filtration on T g defined by: 

T g [n] = {/ E r s |/# : F — > F is the identity mod F n+ {\ 

This is called the relative weight filtration in [23|. Thus r g [l] = T g and r g [2] = JC g . 

Theorem 3. (C L g ) q C T g [n] if q> (™+ 3 ) - 6 

Thus Cg is residually nilpotent. 

In fact we have a more delicate description of the relation between the lower central series 
of Cg and the relative weight filtration which requires us to define a more refined filtration. 



We first recall the extended Johnson homomorphisms from |15[ as formulated by Morita |20 
Let h(H) be the graded free Lie algebra (over Z) on H. h n (H) is generated by the brackets 
of length n. Then 

J n :T g [n]-^H®-L n+1 (H) 

is defined by /*(«) = aJ n (a) mod F n+2 , where J n (a) G F n+ i/F n+2 — h n+ i(H). Then 
T g [n + 1] = ker J n and 

Im J n C ker{6 : tf ® L n+1 (#) -► L n+2 (#)} (5) 

where b(h®a) = [h,a] (see |H|). Thus Ji((£^) m ) = K m (by Theorem |). 
We generalize the filtration {K m } as follows: 

h m (H) = h° m (H) D \} m {H) D-.-D IZ{H) = L m (L) D IZ + \H) = 

where U m {H) is the subgroup generated by brackets of length m of which at least r of the 
entries belong to L. We can then define a filtration of H <%>'L m (H) by T"^ = (L®L^ 1 (if )) © 
(# ® 14(H)). Thus ^™ +1 = L ® L m (L) and J^+ 2 = 0. 

Theorem 4. J n ((£ g : ) ?+r ) C r n+1 if q > ( n + 3 ) - 6. 



2.2 Imbedding the pure braid group in the mapping class group 

It has been pointed out several times in the literature that one can define interesting maps 
from the group of framed pure braids to the mapping class group. The framed pure braid 
group on h strands, Vh, which is canonically isomorphic to the Cartesian product of the usual 
pure braid group V^ with the free abelian group of rank h, can be represented as the group 
of isotopy classes of diffeomorphisms of the disk with h holes, D^, which are the identity 
on the boundary. Any imbedding of D^ into E 9 defines, therefore, a homomorphism 9 : Vh 
— > T g . For example one can imbed D 2g into E g as in Figure 0. This map was considered by 
Hatcher- Thurston [] l] and, with a formulation in terms of tangles, Matveev-Polyak [18] in a 
slightly more general setting of what Matveev-Polyak call admissible braids. It is not hard to 
see that O^Pig) Q £ g > where L is the subspace spanned by the meridians of the handles. We 
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Figure 1. The Hatcher-Thurston map 

will be more interested, though, in a smaller version of this map. Consider the imbedding 
D g C £ g indicated in Figure ||. The resulting map ip : V g 



T g was considered in [gj] Oda 



who showed that ip induces imbeddings of the lower-central series quotients of V g into the 
associated graded quotients of T g using the relative weight filtration: ip n : (V g ) n /(V g ) n+ i 



T g [n — 1]/T g [n]. The well-known split exact sequence 1 — > F 9 



V a 



V, 



9-1 



gives an isomorphism: 



PgUPi 



g)n+l 



(P S -l)n/(P s -l)n+l © Ff- 1 /** 



+ 1 



(6) 



See e.g. 

r 



| .This enables Oda to use ip n to give some explicit lower bounds for the rank of 



g[ n-l]/T g [n]. 
We observe easily that ip actually maps into £%, for the correct choice of L, and describe 



how the image fits into the refined filtration T r m of H ® L(iif). 
Theorem 5. if>{P g ) C C L and Im(J n _!^ n ) C J^ +1 = L® L n (L). 



Thus (Vg) n /(V g ) n+ i C r 9 [n — l]/r s [n] lies in the bottom stage of this filtration. 

Remark 2.1. It is not hard to prove, by a similar argument, that the conclusions of Theorem 
|5] are also true for the Hatcher-Thurston map. 

As in Equation (||) Im(J n _i , n ) C ker{6 : L (g> L n (L) — > L n+ i(L)}, but for n > 3, this 
inclusion is definitely proper. One sees this by computing the difference between the rank 
of kerfo and the rank of (V g ) n / (V g ) n +i, using Equation @. For example, for n = 3 this 
difference is |(g 3 — g) and for n = 4 it is |(g 3 — g)(g — 2). For n < 2 see Theorem |G] below. 

The non-triviality of J n _i^ n shows that ^^ is not nilpotent. More precisely, combining 
this with Theorem |3| gives a lower bound on the rate of descent of the lower central series of 
Cg. We denote the rank of (V g ) n /(V g ) n +i by r(g,n). This can be computed explicitly from 
Equation (||). 



Corollary 3. The image of the map {V g ) n /(Vg) q 

?>m-6. 



u# 



./OCJ) 



/ias ranA; > r(g,n) if 
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Figure 2. Imbedding of V„ into C^ 



This estimate is independent of the estimate on the rank of the lower central series of C g 
given in §. Recall the map </>£ : (C L g ) 3n /(C L g ) 3n+1 ® Q — > ^ onn (0) defined in § and shown 
there (Theorem 7) to be onto if g > 5n + 1, where ^4^ onn (0) is a vector space defined by 
trivalent graphs with 2n vertices and 3n edges. Now it is easy to see that the composition 



fa) 



3/j 



(3 



;;?■» 



A c ° nn ($) is zero. If /i G Im^ then S| = S* 3 since /i extends to a 



diffeomorphism of the handlebody bounded by T, g . Thus combining Corollary y and || 
Theorem 7] we have: 

Corollary 4. rank(££) 3 „/(££) g > r{g, 3n) + dim^ omi (0) z/g> ( 3n + 3 ) -6 and # > 5n + l. 
For the special cases n = 1, 2 we have: 



Theorem 6. (a) ipi induces an isomorphism T > g /{V g )2 — C g /(C g fl T g ) = B g 



(b) J\ip2 induces an isomorphism {V g )2/{V g ) 3 
Thusip- 1 (!C g ) = (V g ) 3 . 



((£j)a • K g )/K t 



= A 3 L® 



Question 2. Can (b) be improved to say (V g ) 2 /(V g ) 3 = A 3 L? 

Remark 2.2. For the Hatcher-Thurston map 9 one has Ji0((7- > 2g)2) Q K 3 = A 3 L, according 
to Remark |2TT| , but it is also not hard to show that Ji(6(T > 2 g ) fl T g ) C if 2 - A consequence of 
this is that 9(V 2g ) C £j. 

We will consider one more mapping of the pure braid group into the mapping class 
group. Consider the imbedding D g C S 9 indicated in Figure ||. Denote the resulting map 
by k : V g — ► r s . We will prove: 
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Figure 3. Imbedding of V g into K. g 

Theorem 7. n(V g ) C KL g and n((V g ) n ) C r g [2n]. TTie induced map K n : (V g ) n /(V g ) n+ i — > 
r 9 [2ra]/r 9 [2n+l] zs a monomorphism. Thus the induced map (V g ) n /(V g ) n +i — > (/C ff ) n /(/C s ) n +i 
is also a monomorphism and so rank(/C 9 ) n /(/C 9 ) n +i > r(g,n). 



As above we have, from ||, a map </>„ : {fC g ) n /{fC g ) n+ i — 
g > 5n+ 1. The composition (V g ) n /(V g )n+i —* (fcg)n/{1C g )n+i 
h G Im0^ then S^ = S* 3 . Thus we have, from Theorem [7] and § 



^ onn (0) which is onto if 
-> *4.™ nn (0) is zero since, if 



Corollary 5. rank(/C 9 ) n /(/C 9 ) n+ i > r(>,7i) + dimA™""(0) t/p > 5n + l. 

2.3 Applications of the theory of finite-type invariants 

The fact that there are useful connections between the theory of finite-type invariants of 
homology spheres and the structure of subgroups of the mapping class group was established 
in and || . In particular, as we have mentioned above, Theorem 6 of [§] gives lower bounds 
for the dimensions of the graded quotients of the lower central series of the subgroups Cg, T g 
and K, g in terms of certain vector spaces ^4™ nn (0) defined by connected trivalent graphs. 

As a further application of this result we have the following relation between the lower 
central series of these groups. 

Theorem 8. Let g > 5n+ 1. Then 
1. (!C g ) n £ (T g ) 2n+1 U (£ 9 L ) 3 „+i, 



{Tg)2n 



£(/C 



g)n+l 



U CC s )3n+l, 



3. (£%) 3n <£(T g ) 2n+l U{1C g ) n+l . 



We also examine the map ip : V g — •{J, defined in the previous section, and its rela- 
tionship to the theory of finite-type invariants of knots and homology spheres. Let V denote 
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the Q- vector space generated by isotopy classes of oriented smooth knots in S 3 and let Ai 
denote the Q- vector space generated by diffeomorphism classes of smooth oriented homology 
spheres. In || Garoufalidis defines a natural linear map \l/ : V — > M. by ty(K) = S^, where, 
for any knot K in a homology sphere M, Mr denotes the homology sphere obtained by doing 
a +l-surgery onKC M. Filtrations are defined on V and A4 by the following devices. For 
any positive integer q, a singular q-knot is an immersion of S 1 into S 3 with exactly q trans- 
verse (ordered) double points. If K is a singular g-knot, the resolution K of K is the element 
of V defined by K = X^( — l)' e '-^o where e ranges over all sequences (ei, . . . , e q ),€i = or 
1, |e| = Y^i e i an d K t denotes the knot obtained from K by resolving each double point to 
give a positive, resp. negative crossing according to whether q is, resp. or 1. Now define 
J-'qiV) to be the subspace of V generated by the resolutions of all g-singular knots. This gives 
a decreasing filtration of V (see Jl|]). To deal with M. define, for any g-component link J in a 
homology sphere, an element [M; J] G A4 by the formula [M; J] = Yl e (~ l)' e '^J e where e is 
as above and J t is the sublink of J consisting of exactly those components for which e$ = 1. 
Now Fqi^M.) is defined to be the subspace of M. generated by all [M; J] for which J has q 
components. This is a decreasing filtration of M. (see |25|]). It is shown in [25| and |J that 
^- 2 (^)=^ 3(2 (^),forallg. 
The associated graded quotients 

G q (V) = F q {V)/F q+x (V) and Q q {M) = F 3q (M) / F 3q+l (M) 

are described in terms of spaces of trivalent graphs ^4.(S' 1 ),^4(0), where A(X), for any 1- 
manifold X, is a certain Q- vector space defined from trivalent graphs which contain X as 
a prescribed subgraph (see Jl|, |25| and |16|). It was conjectured by Garoufalidis in and 
proved by Habegger that ^(.T-^V)) C JF 3(J (.M) and so we have induced maps ^ q : ^2 9 (V) 
— ► Q q {M)- This map is studied in Qj, using the work of |H|, and shown to be non-trivial 
for all q. 

The map ?p '■ V g — > Cg and \l> : V — > M. are related by means of 'actions' of V° on V 
and Cg on M.. Let i^ be an oriented knot in S 3 and D C S* 3 an imbedded disk which meets 
X transversely in g points so that, at each intersection point, K points in the same normal 
direction to D. If b is any g-strand pure braid then we can cut S 3 along D and insert b so 
that the orientations agree, to form a new knot K^. This action was defined by Stanford 
in |2f| who showed that if b G (V°) m , then K b — K e jF m (V). Note also that if b is a framed 
pure braid and K is a framed knot, then i^ is also framed in a natural way. If s is the 
self-linking number of K and {si} are the self-linking numbers of the strands of b, then the 
self-linking number of Kb is s + ^ s,. 

We now describe the action of £^onA^. Suppose M is a homology sphere and i : S g C M 
is an imbedding. If L t = L C /f = Hi(E fl ) is the kernel of the inclusion into one of the 
complementary summands, then, for any / G Cg, we can cut M open along i(E fl ) and 
reglue, using /, to define a new homology sphere Mf (see 0). It is shown in [0] that if 
/ G (£j) m then M f - M G ^ m (M). 

Now suppose we are given K, D as above and b G P°. Choose an imbedding i : S 9 — > S 3 
whose image is the boundary of a regular neighborhood of KU D. Then % will also define an 
imbedding j of S 9 into 5*^. Let b denote also the framed braid whose self-linking numbers 
are determined by the equations Ylj hj — 0, where Uj denotes the linking number of the z-th 
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and j-th strand, if z ^ j, and the self-linking number of the i-th strand if i = j. Then for 
every i — 1, • • - g, then we have: 



Theorem 9. V(K b ) = M m , where M = S\. 



3 Proof of Theorem J 

As mentioned already, different choices for L result in conjugate subgroups Cg (and also 
£q). Therefore it will suffice to prove Theorems |1]-|] for any convenient choice of L. (The 
other theorems will require certain choices for L). In particular we will choose L to be the 
subgroup of H generated by meridians of the handles for some representation of S 9 as the 
boundary of a handle-body Thus we can choose a basis {xi,yi} for F = vt^E^) to satisfy: 

• The induced basis of H (which we will also denote by Xi,yi) is symplectic ,i.e. under 
the intersection pairing on H, we have Xi • Xj = Vi ■ Vj = and X; L ■ yj = 5ij, 

• {xi} is a basis for L, 

• The element [x\, yx] • • ■ [x g , y g ] G F represents the boundary curve of E 5 . 

We will call such a basis admissible for L, We will also use this term for the induced basis 
of if. 

3.1 Construction of J 

We begin by defining a crossed homomorphism on Cg . Let Fl O F be the set of all elements 
of F which map into L C H under abelianization. Let L be the abelianization of Fl- We 
define 

J : ZJ — ► Hom(L, A 2 H) 

by the formula J(f)/3 = a~ 1 f^{a) mod F 3 , under the identification TijF^ = A 2 H, where 
a G F L is any lift of /3 G L. 

We then have the following crossed-homomorphism formula 

J{fg) = J(g) + J{f)og* (7) 

where g* is the automorphism of L defined by g. 

Composing J with the projection A 2 H — > A 2 (H/L) defines 

J:£L -+Rom(L,A 2 (H/L)) 

Composing J with the contraction map c : A 2 H — ► Z defines 

J w : ZJ -* Hom(L, Z) 

c is defined, using the intersection pairing on H, by hi A hi — > hi ■ hi- 
We point out two properties of J and J u . 
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Lemma 3.1. (a) J(f)\F 2 = J W (/)|F 2 = 0, for any f G ZJ, 

f&j J and J w are homomorphisms. 
Thus we have homomorphisms: 

J : £j -» Hom(L, A 2 (H/L)), J w : ZJ -> Hom(L, Z) 

Proof of Lemma pO[. To prove (a) consider a generating element [/ii,/i 2 ] G F 2 . If f E Cg, 
then we can write f*(hi) = hik, for some elements Zj G Fl and so we have: 

f*([hi,h 2 }) = [hi,h2][h,h2][hi,l 2 ][h,h] mod F 3 

Thus J(f)[hi, h 2 ] = l\Ah 2 + h\Al 2 + li Al 2 . Since this element projects to zero in A 2 (H/L), 
(a) follows for J. For J^ we note that l\-l 2 = 0, since the intersection form is zero on L and 
h\ • l 2 + h ■ h 2 = since /* is an isometry. 

To prove (b) we need only note that a* is the identity on L and apply (a) and Equation (0). 

□ 

Now we follow Johnson and reformulate J first as a homomorphism 

J:ZJ -*H/L®A 2 {H/L) 

using the duality isomorphism Hom(L, Z) = H/L defined by the intersection form on H . If 
{xi,yi} is an admissible basis of F for L, then J(f) = YliVi ® J if) ' x i- 
We have, for any free-abelian group V, a short exact sequence: 

► A 3 V — v -^ V®A 2 V — -^ h 3 (V) ► 

where77(fiAf2Af 3 ) = vi®(v 2 Av 3 )+v 2 ®(v 3 Avi)+v 3 ®(viAv 2 ) a,nd9(vi®(v 2 Av 3 ) = [vi, [v 2 ,v 3 ]]. 
We leave the proof as an exercise for the reader. 

We can use this sequence to show that J(Cg) Q A 3 (H/L). If / G Cg, then we can write 
f*{xi) = XiCi, for some Cj G F 2 which represents J(f) ■ Xi, and f*{yj) = Hik for some U G F L . 
By distributivity of brackets we have: 

f*[xi, Vi] = [x i} Vi] [C i} yi] [xi, li]oii mod F 4 (8) 

where aij is a product of elements of T 3 /T± = h 3 (H) which vanish when projected into 
h 3 (H/L). Since any element of T g leaves the boundary curve of £ 9 fixed, we have that, 
up to conjugacy, /*(nj x * iVi]) = Ylii^Vi]- O ur ^ TS ^ deduction from Equation (||) is that 
nj^i, k] G F 3 . Now if we write out U = (]X x^ 1 )^, for some C[ G F 2 , we can conclude that 
e ij = e ji an< i so rij[ x *)^] ( m odF 4 ) reduces to a product of triple brackets, each of which 
has some Xj as one of its entries, and so vanishes in ~h 3 (H/L). Thus we can conclude, from 
Equation (|S]), that ^JC^l/i] = in h 3 (H/L). But this means that 9J(f) = and so J 
actually gives us a homomorphism Cg — ► A 3 (H/L). 

We can now set J = J © J w , where J w is reformulated as a homomorphism J^ : Cg 
— > H/L, using the duality isomorphism Hom(L, Z) = H/L.. 
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3.2 Proof of (a) 

Since the Johnson homomorphism J is onto A 3 H , it is obvious that J is onto. To deal with 
J w we first point out that Jj\T g can be alternatively defined by the formula: J w (/) = crJ(f), 
where a : A 3 H — ► H — > H/L is defined by contraction: 

a(/ii A h 2 A h 3 ) = (h x ■ h 2 )h 3 + (h 2 ■ h 3 )h x + {h 3 ■ h 1 )h 2 

Let {xi, i/i} be an admissible basis of H. Now choose / G T g so that J(f) = X{ A yt A j/j, for 
a prescribed i ^ j- Then J u (f) = yj while J(/) = in A 3 (H/L). From this it follows that 
J is onto. □ 

3.3 Proof of (b) 

It is essentially proved in |7j that J{Cg) = but we take a different approach to give a 
unified proof that J(C^) = 0. 

Suppose that / is a Dehn twist along the curve 7 in S g . If 7 bounds in £ 9 , then / G /C g 
and there is nothing to prove. If 7 does not bound, then we may assume that 7 is a meridian 
curve of a handle in some representation of S 5 as the boundary of a handle-body Let 
{ x iiUi} be the standard basis of F, where Xi represents the meridian of the i-th handle and 
yi represents the longitude. Note that this is not necessarily an admissible basis. We may 
assume that 7 represents X\. Then we see easily that 

/*(£») =Xi (l<i< g), f*(yi) = 

All we know about L, though, is that x\ G Ft and, as a consequence, an element w G F 
lies in Fi only if the exponent sum of y\ is 0. From this it follows that for any w G Fl, 
J(f) ■ w = a Axi, where a G H is a linear combination of X\, • • • ,x g ,y 2 ,--- , y g . But then it 
is clear that a Axi maps to in A 2 (H/L) and c(a A X\) = 0. Thus C^ C ker^J 

Now suppose f £ £g and J7"(/) = 0. We want to show that / G Cg . We first recall that 
the images of Cg and of Cg under the canonical map T g — > Sp(Z, g) coincide and are equal 
to the subgroup B g C Sp(Z,g) defined in Section |2T| . This is proved in 0. Since there 
exists some g G Cg so that /* = g* on if, then, by replacing / by fg~ x , we may assume that 
f E T g . Since JC g C £^ it will suffice to find g G £^ fl 7^ so that J(g) = J(f). In fact we will 
find such a g G [£^ , Tg] C £^ fl 7^ (since Cg is invariant under conjugation by T g ), which will 
then, in addition, show that Cg fl T g = [Cg, T g ] ■ JC g (part of the conclusion of Theorem |2|). 
Let K = ker{p © c : A 3 H — ^ A 3 (H/L) © #/L}. We need to show that, for any ae K, there 
exists g G [£^ , 7^] such that J(g) = a. Some examples of elements of K are, in terms of an 
admissible basis of H: 

1. a = Xi AXj AXk for any z, j, k, 

2. a = Xi A Xj A yk for any z, j, fc, 

3. a = Xi Ayj Ayk for z, j, fc distinct and 
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4. a = i/i A Xi A yk + Xj A yj A y^ for i, j, k distinct. 

In fact we will leave it as an exercise for the reader to prove that any element of K is a linear 
combination of elements of these four types. 

To compute J on [Cg,T g ] we need the following observation. Let / G T g and h G T g . 
Then we have, for the classical Johnson homomorphism J : T g — > A 3 H: 

J([f, h]) = Jifhf- 1 ) - J(h) = (/, - l)J(h) (9) 

Since J is onto and /* can be any element of B g , for / G C g , this formula determines 
J([Cg,Tg\). We construct some examples. 

1. Choose h so that J(h) = XiAXjAyk for i, j distinct, and / so that f*(yk) = Vk + Xk and 
/* is the identity on every other basis element. Then it is straightforward to compute, 
from Equation @, that J([f, h]) = Xi A Xj A Xk- 

2. Choose h so that J(h) = jji A Xj A y\. for i, k distinct, and / so that f*(yi) = y% + Xi 
and /* is the identity on every other basis element. Then J([f, h]) = x,- t A Xj A y^. 

3. Choose h so that J(h) — y% A yj A y^ for i,j, k distinct, and / so that f*(yi) = yi + x,- t 
and /* is the identity on every other basis element. Then J([f, h}) = x^ A yj A y^. 

4. Choose h so that J(h) — Vi A yj A y^, for i,j,k distinct, and / so that /*(|/j) = 
Vi + Xj, f*(yj) = yj + Xi and/* is the identity on every other basis element. Then 

J([f, h}) = yi A Xi Ay k + Xj A yj Ay k + Xj AXiAy k 

Now it is clear that the examples given here cover all the cases above. 
This completes the proof of (b). In fact these arguments also prove (c) and so the proof 
of Theorem |l] is complete. □ 

3.4 Proof of Corollary 0] 

Recall the exact sequence (see e.g. |T9| ) 

1 ► 7ri(T) — — > T g — e —> Y gfl ► 1 

where T is the tangent circle bundle of E Pj0 . The exact homotopy sequence of the bundle 
T — ► S 9i0 gives a central extension (since S 9j0 is orientable). 

p 



1 ► Z ► 7Ti(T) — ^-* 7T >■ 1 

where tt = 7Ti(E 9) o). i] satisfies the following properties: 

1. Im.7] C\T g 

2. i]\7j is defined by 77(1) = Dehn twist along a circle bounding the puncture, and r)\7r is 
characterized by the property that the automorphism of n induced by 77(a) is conju- 
gation by a. 
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3. There is a commutative diagram 



ttiCt) ^U r 



p 



y 



i 



7T ► Aut 



IX 



where Aut n is the group of automorphisms of tt, rf(g) = conjugation by g, and £(/) 
is the automorphism of the fundamental group of £ 5>0 induced by /. 

Claim. (a) J o rj = 

(b) If p(a) G tt /tas homology class h G if , t/ien J u rj(a) = /i mod L. 



Assuming this, we then see, from (a), that J induces the homomorphism J (since C g = 
e(£^)) and, since, by (b), J w o 77 is onto (and £^ = e(£^)), ker J = Cg . 

Proof of Claim. It follows from (3) above that Ji](a) -x = h Ax, for any x G L, where h G H 
is the homology class of p(a). (In fact, since liarj C 7^ i0 , </ (^?(«)) is given by the standard 
Johnson homomorphism and this formula is true for any x G H .) If x G L, then h A x 
— >0G A 2 (H/L)- this proves (a). Similarly J u rj(a) G Hom(L, Z) is the functional x — ► h ■ x 
which, under the duality Hom(L, Z) = H/L, corresponds to the reduction of h. This proves 
(b). □ 

Finally note that p(H) = since p(h) is defined to be Yli x % I^V% ^ h, for any symplectic 
basis {xi, yi} of H and, since we can choose this basis so that X{ G L, each term in this sum 
goes to G A 3 (H/L). This completes the proof of Corollary |l|. □ 

3.5 Proof of Corollary [2| 

Claim. Suppose f G T g induces f G T gfi . Then fl (the induced automorphism of F) 
satisfies 

fl\F L = td mod[F,F L ] (10) 

if and only if f^itL — id mod [it, ttl]- 

This follows from the fact that ker{F — ► tt} C [F, Fl\. 

Now (|T0| ) is clearly equivalent to /' G C g and J(f') = 0, and this, by definition, is the 
same as Jo(/) = 0. So Corollary |2] is an immediate consequence of Corollary [TJ. D 

4 Proof of Theorem 

As pointed out above, we have already proved the last assertion of Theorem |^ and so we 
address the first part. Note that this is equivalent to the assertion that J((Cg) m ) = K m for 
m>2. 
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4.1 The case m = 2 

We first show that J((£^) 2 ) C if 2 . This is equivalent to the two inclusions: 

1. $/(#) C ker{A 2 if — > A 2 (H/L)} and 

2. $/(L) C A 2 L 

where $/ is defined in Section |2~T| . (1) is already proved in 0, so we address (2). According 
to Theorem [TJ, J induces a function Lh — > Hom(L, X), where X = ker{A 2 if — > A 2 (H/L)}. 
Now A 2 L C X and the induced function J' : Lh — > Honi(L, X/L 2 L) is a homomorphism. 
This follows from an alternative version of the crossed-homomorphism formula for J: 

J(fg) = ■/(/) + /* ° J{g) 

where /„ : A 2 if -> A 2 if is defined by /„(/n A /i 2 ) = /»(/n) A /*(h 2 ). If / G ZJ then /* 
induces the identity map on L and on H/L. From this it follows that f*\X = 1 mod A 2 L 
and so J' is a homomorphism. But then we can conclude that J'((£^) 2 ) = 0, which means 
that $/(L) C A 2 L for any / G (£j) 2 . This proves (2). 

We now need to show that K 2 C J((£^) 2 ). In fact we will show that if 2 C J([Cg fl 
T g ,Cg]) = J([[Cg,T g ],Cg]). Let {xj,?/j} be an admissible basis of i7. Then if 2 is generated 
by the following elements: 

(a) Xi A Xj A Xfe, for i,j, k distinct, and 

(b) Xi A Xj A yk, for i 7^ 7 and j 7^ fc. 

Choose / G £^ so that /*(?/«) — Vi + Xi and /* is the identity on all other basis elements. By 
Section |3l^ we can choose h E Cg C)T g so that J(h) = y t A x,- Ax^, if z, j, A; are distinct. Then, 



by Equation (|9]), J([f, h]) = X{ A Xj A x^. If i 7^ j and j 7^ A;, then, by Section |373| , we can 
choose /i 2 G CgDTg so that J(/i 2 ) = yiAXjAyk- Then by Equation (||), J([/, fo 2 ]) = XiAxjAyk- 
This completes the proof of Theorem ^| for the case m — 2. 

4.2 The cases m > 3 

We first show that J((C^) m ) C if m . We have already proved this for m = 2 in the previous 
section. We now argue by induction on m using Equation (|9]) and the fact that (/* — l)K m C 
K m +i. This latter inclusion follows from the expansion: 

(/*- l)(ai Aa 2 Aa 3 ) = (/* - l)a x A /*a 2 A /*a 3 + a x A (/» - l)a 2 A /*a 3 + a x A a 2 A (/* - l)o 3 

and the following easy fact: 

If / G ££, then (/, - l)o G L for any a e if, and (/* - l)a = if a G L (11) 

All that remains to prove is that K 3 C J((£^) 3 ). But K 3 = A 3 L is obviously generated 
by the elements x, A Xj A Xk and if we choose h G (£3)2 so that J(h) = X{ A Xj A yk, which 
we can do by the previous section, and choose / G C g so that f*(yk) = yu + %k and /* is the 
identity on all other basis elements, then </([/, h]) = Xi A Xj A x^ 

The proof of Theorem El is now complete. □ 
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5 Proof of Theorems [3] and g] 



The argument is a generalization of that in Section [4.2| . Both these theorems will follow 
from: 

Lemma 5.1. 1. If f G T g and g G T g [n], then J n ([f,g}) = (/* - l)J n (g). 
2. Iff EC*;, then (f*-l)r n C pr+i . 

Proof of (1). This just follows from the easy formula J n {fgf~ l ) — f*Jn{g) and the fact that 
J n is a homomorphism. □ 

Proof of (2). First we show that (/* — l)U n {H) C L^ +1 . U n is generated by n-fold brackets 
[oi, • • • , Oj • • • , a„] , where at least r of the a; t belong to L . We can expand in the following 
manner: 

n 

(f* ~ 1)[«1,"- • ,0-i--- ,0>n] = X^ 1 '' " ' a *-l'(/* _ lK;/* a i+l- •• 5 /* a n] ( 12 ) 

i=l 

Now, it follows from |ll| that each of the terms on the right side of 12 lies in L^ +1 . 
Now suppose a <g> a G ^ . Then we can expand 

(/„ - l)(o ® a) = (/* - l)o (8) /.a + a ® (/* - l)a (13) 



If a G L and a G L^ x , then the first term on the right side of |T^ vanishes and the second 
lies in L <g> U n C JF^ +1 . If a G L^ , then the first term lies in L ® L^ C J-^ +1 and the second 

lies in H <g> L^ +1 C J^ +1 . D 

This completes the proof of the Lemma and, therefore, of Theorems § and §. 

6 Proof of Theorems [5], @ and [7] 

6.1 Proof of Theorems [5] and p 

The framed pure braid group V g on g strands is defined to be the group, under stacking, of 
pure braids, where each strand is equipped with a normal framing which is standard on the 
boundary This is easily seen to be canonically isomorphic to ?J x Z 9 , where V® is the usual 
pure braid group, since there is a well-defined self-linking number for a normal framing, the 
imbedding ip : V g — > T g is defined in p4| as follows. Choose an imbedding of D g , the disk 



with g holes, into E 5 so that the internal boundary circles map to g independent meridians 
and the external circle maps to a bounding closed curve (see Figure |2|). 

According to the arguments of Artin, V g can be regarded as the group of isotopy classes 
of diffeomorphisms of D g which are the identity on the boundary. This representation of V g , 
together with the chosen imbedding D g C E s , defines ip. Of course ip depends on the choice 
of imbedding. An algebraic formulation of ip can be given as follows. Let {xi, yi} be a basis 
of F — 7Ti(E ff ) which satisfies: 
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1. The homology classes of {xi, y{\ form a symplectic basis of H 

2. The boundary circle of £ 5 defines the element 

(xi ■ ■■x g y 1 (y 1 x 1 y^ 1 ■ --ygXgy' 1 ) G F 

See Figure f|. An element a G V g is determined by a sequence Ai, • • • , X g G F', the free group 




Figure 4. Definition of Xi and y, 

on generators Xi, ■ • ■ , x 9 , which we shall call the longitudes of a. The longitudes satisfy the 
equation: 

AlXlA^ 1 " --XgXgXg 1 = XX"'Xg (14) 

Then ?/>(«) G T g is the element which defines the following automorphism of F: 

Xi — > AiXjA," 1 , ^ — > 2/iA^ 1 (15) 

Obviously ^ is an imbedding. It is not hard to prove the following Proposition (see [p5|j). 
Proposition 6.1. ip induces an imbedding of the quotients: 

^n ■ {Vg) n /{Vg) n+l = Vg[n]/V g [n + 1] -► Y g [n - 1]/T g [n] 
for every n > 1. 

{^[n]} is the weight filtration of V g , i.e. a G V g [n] if and only if the longitudes X t G F' n . 
In fact {Vg) n = V g [n]. 
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Proof of Theorem [|. Since any diffeomorphism of D g is a composition of Dehn twists along 
closed curves in D g , then ip(V g ) C £^ if we set L = Im{Hi(D 9 ) — ► Hi(E s )}. Thus L is 
generated by {xi}. Now suppose Aj G i^ are the longitudes of a G (V g ) n - Then J n _i?/> n (a:) G 
Hom(if, L n (if)) is given by x t — > [\,%i] = G h n (H), fji — > — A». The dual element of 
// <8> L n (if ) is, therefore, — £V Xj ® Aj, which belongs to L <8> L n (L). D 

Proof of Theorem [6|. If a G T'g with longitudes Aj G -F', then we can write their reductions 
li E L — F' jF' 2 in the form Zj = Y2j a ij x j- ^ * s cl ear that a^- is the linking number of the 
i-th and j-th strands of (the closure of) a, if i ^ j , and the self-linking number of the z-th 
strand if i = j. Thus A = (a^) is a symmetric matrix and it is clear that any symmetric 
matrix can be realized by some pure braid. The definition of ij){a) given in [l5| shows that 
the symplectic automorphism determined by ip(a) is represented by the matrix ( q ~f- ). This 
proves (a). 

To prove (b) we will construct an analogue of the Johnson homomorphism Jb : (Vg)2 — 
V g [2] — ► A 3 L whose kernel is (7-5)3 = V g [3] such that Jb induces an isomorphism (V g ) 2/(^)3® 
Q = A 3 L (gi Q. Suppose a G (7-5)2 has longitudes A, G F 2 and, under the isomorphism 
F' 2 jF' z = A 2 L, A; — > J*. We define J b (a) = ]T\ x; <g> ^ e L<g> A 2 L. It is clear that the kernel of 
Jb is (7-5)3. We see that Im Jb C A 3 L by a copy of Johnson's argument. Consider the exact 
sequence: 

> A 3 L > L®A 2 L —?—> L 3 (L) > (16) 

where cr(a <S> b) — [a,b]. Equation (|H|), when read in F3/F4, becomes nj x i>^i] = 1 or > 
equivalently, cr J&(a) = 0. 

Now the desired fact that Im Jb <E> Q = A 3 L ® Q will follow from the fact that d g = 
dim.( y (V g )2/(V g )3^)Q) is equal to dim(A 3 L®Q). To prove this we use the split-exact sequence 
which computes the lower central series of the pure braid groups (see [[|): 

1 - F' 2 IF' Z -> (V g ) 2 /(V g ) 3 -> (P g _x) 2 /(P s -i)3 - 1 

From this sequence we get the recursive formula d g = d g -\ + ( ff o )• Solving this (d\ = 0) 
gives d g = (3) , the dimension of A 3 L. □ 

6.2 Proof of Theorem 

First of all it is clear that any simple closed curve in D g is a separating curve in S 9 , under the 
imbedding D g C S g which defines k. Therefore the corresponding Dehn twist of S 9 defines 
an element of K, g . For the remainder of the proof we need an algebraic description of the map 
K : V g — > V g . To do this we will find it convenient to introduce a map 5 : F' — > F, where F' 
is the free group on generatorsxi, • • • ,x g and F is the free group on x\, • ■ ■ ,x g ,y\,--- , y g , 
defined by 6(xi) = [xi, yi\. Now suppose {Xi} are the longitudinal elements in F' which define 
the element a G V g . Then n(a) is the element of T g which corresponds to the automorphism 
of F given by 

Xi — ► 6(Aj)x;5(Aj) -1 

yi —^ 5(\i)y i 8(X i y 1 
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If Aj G F' n , then 5(Xi) G i*2n and so «(cv) G T 5 [2n]. But it is proved in [[24] that a G {V g ) n if 
and only if Aj G F^ for every z. This shows that K,((V g ) n ) ^ r g [2n]. 
For the proof of injectivity we will need the following: 

Lemma 6.2. S induces an injection F^/F^ +1 — > F 2n /F 2n+ i. 

Proof. F^/F^ +1 is the free abelian group generated by the standard basic Lie elements {z u } 



on the symbols xi, ■ ■ ■ ,x g (with that ordering) of degree n, as defined in |17|, p. 334]. It 
will suffice, therefore, to observe that {5(z u )} are distinct standard basic Lie elements on 
the symbols xi, • • • ,x g ,yi,--- ,y g (with that ordering) of degree In. But it follows, by a 
straightforward inductive argument on the degree that these elements are basic and, in the 



standard ordering, as defined in |L7], p. 334], z v < z^ implies 8{z v ) < <5(z M ). □ 



To prove that n n is injective we use the Johnson- Mor it a map J 2n '■ Tg[2^] — ► H®L,2 n +i{H) 
whose kernel is T g [2n + 1]. If a G (V g ) n , then, from (|17D, we have 

J2n{a) = ^{xi <8> [S(Xi),yi] -Vi® [S{Xi),Xi]) 

i 

It follows from this that if J2n{ct) = 0, then <5(Aj) G F 2n +i for all i. From Lemma |6.2| we 
conclude that Aj G F^ +1 and so a G (V g ) n +i- 

Finally, to see that the induced map (V g ) n /(V g ) n+ i — >■ (K, g ) n / (JC g ) n+ i is injective it 
suffices to observe that (JC g ) n C T 9 [2n], for every n (see |£| Cor. 3.3]), and so the injection 
K n can be factored 

(V g ) n /(V g ) n+1 — {K g ) n /{K g ) n+1 — Y g \2n}/Y g \2n + 1] 

D 



7 Proof of Theorem @ and Theorem |9| 

7.1 Proof of Theorem g 

Since /C 9 and 7^ are normal and any two choices of L give conjugate subgroups CJt the truth 
of the assertions for any single choice of L implies the truth for any other choice. Recall 
from j8| the following material. 

Let i : S 9j0 — > S 3 be any Heegard imbedding, and L C H a suitable Lagrangian subspace. 
Then the association / — > Sj, for any / G C g , defines a linear map Q£ g — ► M., where QG, 
for any group G, denotes the group algebra over Q. This map induces the following three 
maps on the associated graded lower central series quotients: 

<^:S3n(^)®Q-^r n (0) 

<Pl-.g 2n (T g )®Q-,Ar n m 

^■.g n (ic g )®Q-+A c r n m 

where -4.™ nn (0) is the subspace of An($) spanned by connected trivalent graphs and Q n {G) 
is the lower central series quotient G n /G n+ i, for any group G. 
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that these maps are onto if g > 5n + 1. Thus we can, for example, 
kK 1 1 ^ -\\ -L n re f /- ( rL\ 



(JC g ) n so that 4>n(f ® 1) 7^ 0. If / 6 (£g)3 n+ i then we would have </>£(/) defined 



It is proved in 
choose / G 

and zero. But <p^ and <j)^ take the same value on any element in both their domains, since 
they are defined by the same construction. Thus / ^ (£g) 3n+ i. Similarly / ^ (T g 

The proofs of the other two non-inclusions are the same 



l g)2n+l- 



n 



7.2 Proof of Theorem 

Let b, D and K C S" 3 be as indicated on page ||. Let JVo ~ / x D be a regular neighborhood 
of D in 5* 3 and iV a regular neighborhood oi KVJD. Let i : S g — > dN be a homeomorphism. 
Then Kb C S* 3 is defined by replacing ii' n A^o, which consists of g straight line segments, by 
the pure braid b. Thus we have Kb <^ N C S 3 . Let D g 
homomorphism \1/. See Figure |5|. 



D x 1 fi Tjg, which determines the 




Figure 5. The action of a pure braid on a knot 



The main point here is the following: 
Lemma 7.1. There is a homeomorphism h of N onto itself which satisfies: 

1. h(K)=K b , 

2. h\dN = i^(b)i- 1 . 

Proof of Lemma. Recall the correspondence between a pure braid b and a homeomorphism 
h! of D g onto itself. If b is considered as a path in the configuration space of g points in the 
2-disk, then this path extends to a diffeotopy of the 2-disk. The end point of this diffeotopy 
fixes 5D and the g points and h' is just the restriction to D g . The isotopy class, rel SD 
of hi is uniquely determined. For framed pure braids, the same construction determines 
the isotopy class, rel SD g , of hi hi is the identity on 5D g . The diffeotopy then defines a 
diffeomorphism h of I x D g onto itself which is the identity on x D g , h' on 1 x D g and, if 



REFERENCES 



20 



d denotes the union of the g interior disks whose complement is D g , h(I x d) — b. Here we 
think of a framed pure braid as a coordinatized tubular neighborhood of the actual braid. 
We can identify Nq with I x D g so that a tubular neighborhood of Nq D K is identified with 
I x d. Then h becomes a diffeomorphism of N and we can extend it over N by declaring it 
to be the identity on N — N . This defines the desired h. (1) is clear from the construction 
and (2) follows from the definition of ip. □ 



We now return to the proof of Theorem 
N in S 3 . Then S'jLs is, by definition, N U 

diffeomorphism h of Lemma |7.1| to construct a diffeomorphism h : S, 



| Let N' be the closure of the complement of 
N', where / = iip(b)i~ l . But we can use the 



</>(6) 



S 3 as follows. 



Regarding S 3 as NU^N' we define h\N = h and h\N' ^identity. By Lemma |7~l| , h(K) = K^. 
The effect of h on the framing of K is that an n-framing on K is mapped to a (n + ^- ■ ^)- 
framing on K\, and so, for our choice of framing on b, a +l-surgery on K C S^/^ induces, 
via h, a +l-surgery on ^ C S 3 . 



Now (SJ W ) X = (S 



k)iP{V) an d when we show that ip(b) G A 9 J , for the given imbedding 
S 3 C S 1 ^-, the proof of the Theorem will be complete. Clearly Im^ C A^ where zL g C S 3 
is defined from K above. But Lj 7^ Lj. In fact if {xi,yi} is the symplectic basis defined by 
the meridians and longitudes of S 9 = 5N- so that Li is spanned by {x{\- then Lj is spanned 
by {xi — y}, where y = J2i Vi- Thus to show ip(b) G A S J we need to show that ip(b)(y) = y. 
But if {kj} is the linking matrix of the framed link b, then ip(b)(yi) = yi + J? . Z^Xj and so 
ip(b)(y) = y + J2j(J2i hj)xj. Since we have required J^ Z^- = the proof is complete. □ 
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